Abstract. The synthetic actin network arouses great interest as bio-material due to its soft and wet nature that mimics many biological scaffolding structures. Inside the cell, the actin network is regulated by tens of actin-binding proteins (ABP's), which make for a highly complex system with several emergent behaviours. In particular, calponin is an ABP that was identified as an actin stabiliser, but whose mechanism is still poorly understood. Recent experiments using an in vitro model system of cross-linked actin with calponin and large deformation bulk rheology, found that networks with basic calponin exhibited a delayed onset and were able to withstand a higher maximal strain before softening.
Introduction
The actin network is one of the most relevant structural components inside cytoskeleton of eukaryotic cells, and has a highly dynamic mechanical properties in the cell. Which is essential to many processes, such as cell adhesion, mechanosensing and mechanotransduction, motility, and cell shape among others. At the same time, the development of actin based biomimetic systems at micro and nano-scale, demand a deep understanding of their mechanical properties at large deformations, where the non-linear mechanics encodes effects that allow the tuning of unexpected effects [1, 2, 3] .
Significant progress in the past decades has provided a rather complete picture of the linear mechanical response to small applied stresses or strains [4] . However, cells are often subject to large deformations and reach nonlinear regimes that are far from being well understood [5, 6, 7, 1] . The fascinating mechanical properties of living cells are mediated by the cytoskeleton (CSK), a dynamic network of filamentous proteins composed of actin filaments, microtubules, and intermediate filaments [8, 6, 9, 10] . This complex structure has solid and liquid-like behaviours. The solid one is associated with strongly cross-linked actin filaments, which resist sliding and accumulate tension (fimbrin and fascin are compact cross-linking proteins that create parallel-aligned actin networks Institut Jacques Monod (IJM), CNRS UMR 7592 et Université Paris Diderot, 75013 Paris, France. To whom correspondence should be addressed. E-mail: horacio.lopez.menendez@gmail.com.
or bundles, they are found in stiffer protrusions as filopodia [11, 12] . On the other hand the liquidlike behaviour, is associated with weakly and transient cross-linking proteins, such as α-actinin or filamin, which produce networks, and slide more readily, enabling to soften and, or flow as a liquid.
The ability of the network with calponin to resist large deformations without breaking, is highly relevant for several biological mechanisms. The toughening mechanism in living structures is a complex process with many unresolved issues. Recently it was described that the effects of superelasticity into the cytoskeleton is a relevant topic to allow the large deformations during the formation of domes [13] . In addition, into the context of hydrogels, the way in which the structure can resist the fracture without collapsing is by doing interpenetrating polymer networks, made by two or more polymeric networks, at least one of which is polymerised and/or crosslinked in the presence of the other. The polymeric networks are interlaced on a molecular scale but not covalently bonded to each other [14, 15, 16, 17] . In this sense the improvement of the understanding of the micromechanics of these gels through, a constitutive modelling of interpenetrating networks, has also been proposed [18, 19] .
However, concerning the cytoskeleton, the process seems to be more complex. The dynamic of polymerisation and depolymerisation of the F-actin usually allows the self-healing and the crosslinks are able to rebind under certain conditions, in addition to that, the regulation of the dynamics of the actin filaments is linked with a wide variety of actin binding proteins (ABPs) [8, 9] . Specifically the mechanics of the actin cytoskeleton is regulated by upward sixty known actin-binding proteins (ABPs) defining different emergent behaviours. They have the ability to control their fraction of passive and active ABPs, to regulate their own rheology. One specific protein that plays a highly relevant role is the calponin ABP. It was discovered in smooth muscle cells and was studied as a possible regulator of actomyosin interaction [20] . Moreover, in non-muscle cells, calponin is known to be involved in actin stabilisation of stress-fibres and to increase the tensile strength of the tissue under strain, among other effects [21] . However, the growing evidence on the role performed by calponin as a structural stabiliser, the underlying micro-mechanic is still unknown.
In order to treat the mechanical effect developed by calponin inside the actin structure [21] , studied an in-vitro F-actin network crosslinked with calponin to gain insights about its mechanical properties using large deformation rheology. They found that the networks with calponin are able to reach a higher failure stress and strain while reducing the pre-strain of the network. Calponin delays the onset of network stiffening, something observed in polymer networks with increased flexibility. They also observed that the micro-structural origin of this behaviour was related to the decrease on the persistence length at a single filament level.
In order to address theoretical and computational models for biopolymeric networks many approaches have been developed, providing new ways of thinking about the cells and tissues mechanics. On the one hand microstructural approaches based on the worm-like chain model represent good a description of the actin mechanics [7, 3, 22, 23, 24] . On the other hand computational largescale models have made a relevant progress to address complex dynamics between filaments and crosslinks [25, 26, 27, 28, 29] .
Therefore, to explain the observed effect reported by [21] we propose a new mathematical model into the framework of non-linear continuum mechanics by using the semiflexible filament described by a worm-like chain following the Blundel-Terentjev formalism [30] , and to homogenise the F-actin network we follow the 3-chain model as was implemented by Meng et al [31, 22] . On the basis of this model, we introduce the dynamic effect of the crosslinks in order to capture the strengtheningweakening transition manifested by the network [3, 32, 33] . Next, to capture the effects of the interaction between actin and calponin, we propose an energy term associated to the interaction energy, by using the Landau model for continuous phase transition formalism. This term allows us to define the interaction parameter that captures the effects of the alteration over the F-actin network due to the interaction [34, 33] . Finally we compare with experimental measurements performed by Jensen et al. [21] ,and discuss the results and future works.
Methods
Mechanics F-actin network with transient crosslinks. First we consider the definition of the main concepts associated with non-linear elasticity used to describe the model: Let Ω 0 be a fixed reference configuration of the continuos body of interest (assumed to be stress free). We use the notation χ : Ω 0 → R 3 for the deformation, which transforms a typical material point X ∈ Ω 0 to a position x = χ(X) ∈ Ω in the deformed configuration. Further, let F(X) = ∂χ(X) ∂X be the deformation gradient and J(X) = det F(X) > 0 the local volume ratio. Then, let consider a multiplicative split of F into spherical (dilatational) part, F V = (J 1/3 I) and a uni-modular (distortional) partF. Note that detF = 1.
We use the right and left Cauchy-Green tensors denoted by C and b, respectively, and their modified counterparts associated withF,C andb, respectively. Hence,
Now, we consider as a first approximation the Helmholtz free energy which accounts the strain energy functions associated with the elasticity of the crosslinked F-actin network with and without the decoration with he calponin ABP. In this function the mechanical strain deformation is described by the Cauchy-Green tensor C. In addition we incorporate an energy term associated with the interaction between actin and calponin which is proportional to the ratio between the concentration of calponin and the concentration of actin c = [calponin] [actin] . This potential energy will allow us to define an interaction parameter (Γ)
In the following we first describe the energy functions without considering the effects of the interaction defined by Γ, which will be defined further for clarity. The first term represents the strain energy function (SEF) for the crosslinked actin network. This is modelled by means a SEF based on the wormlike chain model for semi-flexible filaments. In order to do so, we propose a mathematical model into the framework of non-linear continuum mechanics by using the semiflexible filament described by a worm-like chain following the Blundel-Terentjev formalism [30] .The two main physical parameters are the contour length of the filament, L c , and the persistence length l p , which represents a measure of the bundle stiffness and it compares the bending energy with the thermal energy, l p = EI/k B T . The chain is considered as semiflexible when L c ∼ l p , we also define c s = l p /2L c as a dimensionless stiffness parameter reflecting the competition between bending and thermal energy. Combining the effects of enthalpy arising from bending and entropy of conformational fluctuations, the closed form of the single chain free energy can be expressed as a function of its end-to-end factor, x = ξ/L c :
Next, we build the continuum elastic free energy of the network; in this sense several ways to perform the homogenisation have been proposed into the context of rubber and biopolymer based on the eight chains model, [35, 36, 32, 3] or by micro-sphere integration, [24] . Here, we choose to apply the three chain scheme, as was proposed by Meng et al, [31] because it allows the correct calculation of the normal stress. The primitive cube for the homogenisation is constructed with lattice points representing the crosslink sites, and the edges are aligned along the principle directions of deformation tensor C. Three chains are linked with their end-to-end vectors along the edges and the equilibrium mesh size ξ. On deformation, the lengths of the perpendicular edges over the lattice point become λ 1 ξ, λ 2 ξ and λ 3 ξ respectively. Then the free energy density of a semiflexible network can be expressed as:
If the stress tensor is expressed as a function of the strain invariants for an incompressible material, where the I 3 = 1, it can be expressed as: The mechanical properties of the network are defined by the sort of interaction between actin with crosslinks. Formerly, we have described the constitutive model for a semiflexible network with rigid crosslinks (covalent bonds). In the following, we address the necessary modifications into the model to capture the network fluidisation due to the transient chemical crosslinks. These crosslinks are not covalent bonds (with high adhesion energy) in fact their adhesion energy is in the order of tens of k B T , and have a transient dynamics [37] . In general terms, this kind of gels with chemical crosslinks (proteins as α-actinin) behaves as physical gels [38] . Then, to capture this interaction and the size of the mesh, i.e the contour length, L c , we propose, in a similar manner as proposed by Lopez-Menendez et al. [3] , the following expression as:
Where the adhesion is modelled as a two states process in which P ub defines the unbinding probability. With that name we denote that, from a mesoscale perspective, the network can fluidise if the crosslinks undergo any transition from a bind, fold or rigid towards a state of unbind, unfold or flexible. L min c represents the contour length when P ub = 0 (bind crosslink), and δL cl c represents the average increment of the contour length when the unbinding probability is one. Then, this sort of interactions can be modelled as a reversible two-state equilibrium process [39, 5, 40] . Moreover, taking into account that the shear velocity is much slower than the internal crosslinks dynamics we can consider the interaction at steady state. Then it can be expressed as:
Where two-state model has the bind state as the preferred low free energy equilibrium state at zero force and the unbind state as the high free energy equilibrium state at zero force. In addition,E b represents the difference in the free-energy between these states. w ext represents the external mechanical work that induces the deformation of the crosslink. In the following we write an expression for the unbinding probability considering the shear strain as the main driving force, by using scaling arguments [41, 38] . Then, in order to do so we can re-write as w ext = f.a, where a, is the distance between states in the direction of the reaction coordinate, it is a length scale in the order of the monomer size. The force f can be expressed as f ∼ Gγξ 2 in which γ is the shear strain, G is the shear modulus which can be estimated as G ∼ lpk B T Lcξ 3 , and ξ the network mesh size. Also, taking into account that the unbinding transition due to the bundle strain happens in the semiflexible regime when ξ ∼ L c . Therefore, reorganising the terms we arrive to an expression for the P ub as a function of the shear strain as:
where the parameter κ ∼ lpa ξ 2 is proportional to the sharpness of the transition between states and γ 0 is the characteristic strain which is proportional to the adhesion energy; it defines the point at which the probability of unbinding is 0.5. If γ 0 << γ, the network is easy to be remodelled showing a fluid-like behaviour. On the contrary, if γ 0 >> γ, the crosslinks are stable and the probability of transition is low, consequently the network behaves as a solid-like structure. Moreover, we can clearly identify that the characteristic strain γ 0 , scales proportionally with the adhesion energy E b , with the mesh size ξ and increases when the bundle stiffness l p , becomes smaller.
Interaction between actin and calponin. In order to consider the interaction between networks we expect that for very low concentrations, the changes over the mechanical response of the actin network is almost negligible, but once a certain value is overpassed, the effects associated with the interaction are more relevant until the interaction reaches some asymptotic value. This effect can be interpreted by using arguments from phase transition. According to that, we propose to use an interaction energy Ψ int by means the Landau functional that couples the effects with the networks [34, 33] . This energy is written in terms of an interaction parameter defined Γ = Γ(c) where c represents the ratio between the concentrations of vimentin and actin. As we are interested to know when the effect of calponin becomes relevant on the mechanical response, we focus on the critical phenomena, when the concentration of c is near the critical point and the interaction parameter Γ assumes a very small value. This allows us to expand the free energy in even powers of Γ and retain only the lowest order terms.
Then we re-write the Helmholtz free energy as follows: Where the first two terms define the Landau energy associated with the interaction parameter; the third term interprets the strain energy for the network without any coupling as a function of the isochoric Cauchy strain tensor and the interaction parameter. The interaction energy is described as an expansion in even powers for the Landau energy term, associated with the remodelling, Ψ inter (Γ, c), and is considered the simple way to represent a two well energy potential. The behaviour from the equilibrium position (minimum) of the interaction energy changes at α = 0, we identify this point with the critical point at c = c cr . It allows us to choose mĉ as α, where m is a positive constant andĉ = (c − c cr )/c cr is the deviation of the concentration ratio from the critical point normalised by c cr which we define as a reduced concentration ratio. Then, the simplest election is α = mĉ, for which α > 0 above the critical point and α < 0 below. The dependence of β witĥ c does not affect qualitatively the behaviour of the free energy in the vicinity of the critical point and therefore we take β as a constant. Then, minimising the free energy to obtain the equilibrium condition with respect to the interaction parameter Γ, it yields:
Thus, the equilibrium value of remodelling, Γ is
The interaction parameter is canceled when the concentration ratio c ≈ c cr , above the critical value scale as Γ ∼ (c − c cr )
. For values of c below the critical, the level of interaction is zero. Then, once the interaction parameter has been defined, we will describe in the following, the internal variables that encode the interplay between the two networks and how they are driven by the interaction parameter Γ(c). We consider the following hypothesis: During the network buildup where the monomers are polymerised and the filaments crosslinked the emergent physical interaction between bundles produces the formation of trapped stress into the structure, associated with the physical interaction between filaments. This effect is compensated by the deformation of the bundle and the chemical crosslinks, and the interaction is dependent of the stiffness ( ∝ l p ). As a consequence, it is potentially able to induce conformational changes over the crosslink structure, as was described by Golji et al. [42] . This effect can be explained by the equation 12 for the critical strain, in which the dependence with the persistence length scales as
p . Then, in order to describe the phenomenological phase transition by using the interaction parameters Γ(c), the variables that encode the alterations in the rheological response are described as a linear perturbation of l p , and γ o as:
Results
The proposed theory is used to describe the experiments conducted by Jensen et al. [21] on the in-vitro crosslinked F-actin networks, where the actin is decorated with and without calponin. We evaluate the proposed model with the set of parameters that better fit experiments of monotonic shear tests at large deformation from Jensen et al. [21] . Taking into account that all the experiments where performed at the same velocity, where the time of the experiments is much higher that the characteristic relaxation time of the network, its response can be considered in a quasi-static regime.
Then, the coupled set of equations becomes:
• interaction actin-calponin: ∀c > c cr :
• contour length:
• reference configuration:
• shear stress:
The parameters of the model can be divided in two types. On the one hand, the rigid-wormlike chain parameters L 0 c , l p , δL c , and which are of the order of magnitude of the values used to describe experiments of in-vitro F-actin networks and to keep on the regime of semi-flexible entropic elasticity [36, 31, 3] . On the other hand, the parameters associated with the remodeling dynamics of the crosslinks κ and γ 0 , and the parameters that describe the interaction parameter Γ(c). Jensen et al. [21] studied bulk rheology stress-strain curves of cross-linked actin networks with calponin/actin molar ratios c (0.25; 0.375; 0.5; 0.75; 1; 2) and revealed a gradual shift in yield strain. These changes were evident even at sub-saturating concentrations of calponin, suggesting that actin networks partially decorated with calponin exhibit changes similar to, but less pronounced than, those seen in fully decorated networks 3.a. The model results are showed in the figure 3 .b, where we can clearly see a qualitative good agreement between the theoretical model and the experimental observations, 3.a.
In addition to that, the figure 3.c illustrates the effect of pre-tension introduced into the networks at γ = 0, where the level of compliance increase with the increases of the ratio calponin copolymerised with actin. Next, another important aspect introduced by the calponin is the extension of the solid-like regime. This effect is incorporated into the model by the regulation of the characteristic strain γ 0 , which is a function of the interaction parameter with the term δγ 0 Γ(c). The figure 3.d shows the unbinding probability P ub that encode the crosslinks state. Then, as much as the concentration of calponin increase, the unbinding probability decrease and extend the solid-like regime, by increasing the yielding point of stress and strain.
We found that coupling between actin and calponin encodes in a way that the emergent mechanical response at large deformations can be explained qualitatively as a second order phase transition. As can be described in the figure 4 .a, where the trend followed by the interaction parameter, Γ as a function of the reduced concentration ratio,ĉ is adequately described as Γ ∝ĉ 1/2 , where the critical ratio is approximately c ∼ 0.2. As a whole, this suggests that the emergent process of compliance regulation via the calponin, can be condensed with arguments of phase transitions to describe the non-linear mechanics of the network at large deformations.
The figure 4 .b displays the phase diagram of the stiffens-tension parameter space (l p /2L c , x). This diagram is generated by the points that fulfil the condition of zero stress at zero strain, which satisfies the equation 18. In this way the boundary separating the positive region with γ > 0 and σ > 0 with the region with γ < 0 and σ < 0. If the network is under a pre-strain ( > 0) then the condition at γ = 0 will leave the boundary defined by the red region towards a more stable condition, and reducing the compliance. Therefore, considering the effect introduced by the calponin over the actin network, from the perspective of the stability diagram, we can say that as the much as level of tension and stiffness decreases (increase the compliance), the ratio c= [calponin/actin] increases. This can be seen into the figure by the general trend depicted by the green arrow. Finally, the figure 5 condense over the function of the unbinding probability the coupling of the effect associated with It can be observed that as much as the concentration of calponin increases, the network is able to reach higher yielding stress and strain points. b. The simulation simulation for the bulk rheological stress-strain curves with the model. The propossed theory is able to capture the general trend followed by the experimental curves. c. Differential elastic modulus K ≈ dσ dγ showing the regions with high and low compliance. d. Unbinding probability P ub (γ, Γ) as a function of the shear strain γ and the interaction parameter Γ. the calponin concentration scaling with a 1/2 exponent over the γ 0 that sets the transition to fluidisation.
Discussion and Conclusions
In this work we verify, by using a mesoscale model, that the effect of calponin over the crosslinked F-actin network structure, introduces a reduction of the bundles persistence length, as was described by [21] . But also a reduction in the network pre-strain which encodes as well an increment of the characteristic strain γ 0 . This promotes an increment of the adhesion energy stabilising the network Figure 5 . Unbinding probability as a function of the concentration of calponin and the shear strain applied over the network. and allowing the mechanical structure to increase its ability to sustain higher mechanical loads before failure by extending the yielding point.
The regulation of force and failure into the gels is a very active research field where many efforts have been made to mimic biological active gels with important applications on tissue engineering or soft robotics [43, 44] . Nevertheless, the devices to control the failure on hydrogels do not tackle that problems by using a similar mechanism as the developed by the calponin. It suggests a potential source of inspiration for future design of polymeric structures.
The presented model introduces a phase-field approach, which provides a simple description to introduce the remodelling effect exerted by calponin. As a whole, the relevance of this sort of structures motivated during the last years the development of models based on scaling laws or computational models of great complexity based on finite elements or method of particles. However, we consider that there is still place to develop mesoscale models based on mechanics of the non-linear continuum mechanics jointly with second order phase transitions. These models allow to capture the mechanics of the problem, as well as to evaluate the plausibility of certain hypotheses without the need of complex simulations. In addition, improve the characterisation at large-deformations, which helps the definition of metrics based on the nonlinear elasticity inherent to the mechanical response.
In summary, the proposed model provides arguments to describe the changes observed in the flexibility of the actin bundles which encodes the effects at network scale that drives the increment of adhesion and the whole stabilisation of the structure. Moreover, surprisingly the trend followed by the experiments fall with the interaction parameter Γ ∼ (c − c cr )
1/2 , with the same exponent as many others physical process. Finally, the gain of a deep understanding of how the chemical pathways, as the interaction actin-calponin, interact with the mechanical structure will allow the control of their response as an allosteric material [45] . Will also help to clarify several biophysical processes such as mechano-transduction, with strong implications on the cellular adaptation to its environment or cell motility among others.
